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Abstract

This paper introduces a data-driven Distributionally Robust Optimization (DRO) framework to identify risk-averse
Hamiltonian cycles in non-stationary stochastic networks subject to severe probabilistic uncertainty. Rather than
relying on static nominal travel times, which suffer heavily from the optimizer's curse, we construct a distribution-
free ambiguity set defined by a Type-1 Wasserstein metric ball centered on an empirical distribution of historical
link latencies. The resulting minimax optimization model minimizes the worst-case expected routing cost over all
probability distributions compatible with historical observations. To resolve the joint challenge of combinatorial
hardness (NP-complete) and non-linear robust objectives, we synthesize this DRO formulation with an
evolutionary computing engine governed by precise permutation set operators, deploying an Edge Recombination
Crossover (ER) operator and an ergodic Swap Mutation mechanism. We evaluate our model on two structurally
contrasting urban networks in Kazakhstan: the dense, topography-constrained grid of Almaty, and the expansive,
bridge-dependent network of Astana. Our empirical findings demonstrate that the proposed framework prevents
catastrophic out-of-sample routing delays by preserving edge adjacency maps and outperforming classical
stochastic programming models.

Keywords: Distributionally Robust Optimization (DRO), Wasserstein metric, Hamiltonian Cycle Problem,
Genetic Algorithms.
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AHpaTna
Byn mMakanafa biKTUMangblk 6enricisgiri >kxofapbl feHreigeri crtauMoHapsibl eMec CToXacTUKanbIK Xeninepae
Tayekenre 6eliim emec MaMWNbTOH LMKNLEPIH aHbIKTayFa apHaiFaH AepeKTepre HerisgenreH «Tapany 60MbIHLLIA
OPHbIKTbI OHTalnaHgbipy» (DRO) ¢peliMBOPKi yCbiHbINaAbl. «OHTalnaHAbIPYLWbI KapFbiCblHaH» (optimizer's
curse) KaTTbl 3apfan LereTiH cTaTMKasblK HOMUHANAbI XKO/ XXYPY YaKbITTapblHa CEHYAiH OPHbIHA, 6i3 6ainaHbIC
apHanapblHbIH, (CinTemenepain) Tapuxm KigipicTepiHiH, aMNupuUKanblk, TapasyblHa Heri3genreH >ksHe OipiHLWI
TMNTI BaccepwTeilH MeTpuKablK LIapbIMeH aHbIKTalfFaH, TapanyfaH Tayenci3 6enrici3fikrep >XUbIHTbIFbIH
(ambiguity set) Kypambi3. AnblHFaH MWHWMaKC OHTalnaHAbIpy Mojgeni Tapuxu OGakpbliaynapMmeH yinecimai
6apnblK bIKTUManablK ynecTipiMaepi 60MbIHLIA eH Hallap >XafFfaigarbl KyTiNeTiH MaplpyTTay LUbIFbIHAAPbIH
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asanTagbl. KombuHatopnbik Kypgeninik (NP-TonbIK) MeH Cbi3bIKTbIK eMec pobacTbiK MakcaTTapablH 6ipaeckeH
MaCe/eciH LWewly ywiH 6i3 6yn DRO TyXbIpbIMAaMacblH HaKTbl aybICTbIpynap XWUbIHTbIFbI OrepaTop/iapbiMeH
6acKapbliaTbiH 3BOMIOLUANbBIK eCeNTey XYylieciMeH cMHTe3gen, KabblpFanapfbl PeKoMbMHaLmanay KpoCCUHroBepi
(ER) onepatopbl MeH 3progvkanblk aybICTbIpy MyTauuscbl (Swap Mutation) mexaHU3MiH KongaHambl3. Bi3 o3
mofenimisgi KasakctaHgarbl Kypbl/ibIMAbIK XXaFbiHaH 6ip-6ipiHe KapaMa-Kapcbl eKi KanasnblK enige 6afFananvbla:
AJIMaTbIHbIH ThIFbI3, TOMOrpaUAMEH LLEKTE/ITeH TOPbI XXaHe AcTaHaHbIH KeH, Kenipnepre Tayengi xenici. bisgin
AMNUPUKa/bIK HATUXKENEPiMi3 YCbIHbINFaH (hpeiMBOPKTIH KabblpFanapAblH iprefiecTik KapTasiapblH caKTay >KaHe
KNacCuKasiblK CTOXacTMKanblK 6aFfapnamanay MofenbhepiHeH acbin TyCy apKblibl TaHdamagaH Tbic (out-of-
sample) maplpyTTayfafbl anaTTbl KigipicTepaiH angblH anaTbiHbIH KepceTegi.

KinT cesgep: Tapany 6oiibiHWA OpPHbIKTbI OHTalnaHabipy (DRO), BaccepwTeiiH meTpuKkacbkl, aMuUIbTOH
UMKNiHIH ecebi, MeHeTUKa/bIK airopuTMzep.
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AHHOTaUNA

B pgaHHOlM cTaTbe MpeAcTaB/ieHa OCHOBaHHas Ha [aHHbIX KOHLENuWs pacnpefennTenibHO-po6acTHOM
ontummsauum (DRO) ana  wnieHTUOUKALULUN  MUHUMU3UPYIOLWNX PUCKU  TaMWIbTOHOBLIX LUK/MIO0B B
HecTaLMOHapHbIX CTOXaCTUYECKUX CeTAX, NOABEPXKEHHbIX CU/IbHOM BEPOATHOCTHOM HeonpeaeneHHoCTU. BmecTo
TOro 4tobbl NnonaraTbCcs Ha CTaTUYECKME HOMUHASIbHbIE 3HAYEHUS BPEMEHWU B MyTU, KOTOPbIE CU/ILHO CTpajaloT
0T «MPOKATMA ONTMMM3aTopa» (optimizer’s curse), Mbl KOHCTPYMpyem CBO60AHOe OT pacrnpeaeneHns MHOXECTBO
HeonpegeneHHocT (ambiguity set), onpegensemoe wapom MeTpukn BaccepwuTeiiHa 1-ro Tvna ¢ UEHTPOM Ha
AMNUPUYECKOM pacnpegesieHnn NCTOPUYECKUX 3afepXeK Ha pebpax rpada. MonyyeHHas MUHMMaKCHaa Mogesb
onTUMM3aLUN MUHUMU3NPYET MaTeMaTUUECKOe OXKMUAaHWe 3aTPaT Ha MapLUpyTU3aLmio B XyALLIEM C/ly4vae Nno BCeM
pacnpefeneHsaM BepOATHOCTel, COBMECTUMbIM C MCTOPUYECKUMU HabnogeHNsMW. [1na pelleHnss COBMeCTHOWA
npo6aeMbl KOM6MHATOPHOW cnoxkHocTy (NP-MosiHasa 3agaya) u HelMHelHbIX Po6acTHbIX LeneBbiX YHKLUA Mbl
CUHTEe3MpyeM faHHylo (opmynmpoBKy DRO c MexaHM3MOM 3BOMIIOUMOHHbBIX BbIYUCIEHWUIA, YMpaBiseMbIM
TOYHbLIMW OMnepaTopamMn Ha MHOXECTBe MepecTaHOBOK, WCMO/b3ys OMepaTtop KPOCCMHIoBepa pPeKoMouHauuu
pebep (ER) un sprognyeckunii mexaHnusMm MyTtauum o6meHom (Swap Mutation). Mbl oueHMBaeM Hally MOfeNb Ha
[BYX CTPYKTYPHO KOHTPaCTUPYHOLIMX FOPOACKMX ceTAaxX KasaxcTaHa: NAOTHOM, orpaHuWyeHHoi Tonorpadueit
ceTKe AnMaTbl U NPOTSHKEHHOM, 3aBUCALLE OT MOCTOB CeTW AcTaHbl. Hawwm sMnvpuyeckune pesynbTaTbl
nokasbIBaloT, UTO Mpef/iaraeMblii PpeiMBOPK MpefoTBpaLLaeT KaTacTpouuecKme 3afepXXKM MapLupyTmsaumm
BHe BbI6opKy (out-of-sample) 3a cyeT coxpaHeHUA KapT CMeXXHOCTU pebep U MPeBOoCXOAMT KlacCuyecKue Mogenm
CTOXACTMYECKOro nporpaMMmnpoBaHus.

KntouesBblie cnoBa: PacnpegenutensHo-pobacTHas ontumunsaums (DRO), MeTpuka BaccepuiTeiiHa, 3agaya o
ramunbLTOHOBOM UMKIe, eHeTUYeCKMe asiropuTMbl.

Introduction
The classical deterministic Hamiltonian Cycle Problem (HCP) seeks a permutation of
vertices in a graph G that minimizes a linear objective function while visiting each vertex
exactly once and returning to the origin [1]. While foundational to combinatorial optimization
and logistics, the deterministic paradigm exhibits profound operational vulnerability when
deployed in real-world infrastructure systems characterized by non-stationary stochasticity.
Link travel times in modern urban environments are governed by complex, time-varying traffic
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dynamics, localized bottleneck gridlock, and weather anomalies, causing the edge weights to
behave as random variables rather than static scalars.

When randomness is introduced, traditional Stochastic Programming (SP) approaches
typically minimize expected costs under an assumed nominal probability distribution.
However, this paradigm suffers from a critical limitation known as distributional
misspecification. If the true, real-world data-generating distribution deviates even slightly from
the assumed nominal model, the paths generated by standard SP models degrade
catastrophically [2]. This phenomenon is particularly severe in Hamiltonian topologies, where
a delay on a single bottleneck edge propagates non-linearly across the entire cyclic sequence.

To address this challenge, we introduce a Distributionally Robust Optimization (DRO)
framework for the HCP. Instead of optimizing against a single probability distribution, we
define a mathematically rigorous ambiguity set — a family of distributions containing all
probability measures within a precise distance from the empirical distribution, measured via the
Type-1 Wasserstein metric [2]. To handle network latency without risking the optimizer's curse,
we adapt a Type-1 Wasserstein ambiguity set for graph-based routing, a concept thoroughly
validated in modern distributionally robust problems [3]. We then formulate a risk-averse
minimax objective function that minimizes the worst-case expected travel cost over the entire
ambiguity set [4, 5].

Distributionally Robust Optimization has emerged as a powerful paradigm for decision-
making under ambiguity by optimizing against families of probability distributions rather than
a single nominal model [6]. Recent advances in Wasserstein-metric DRO have demonstrated
strong out-of-sample performance guarantees and tractable reformulations for stochastic
optimization problems [2, 7]. These approaches have been successfully applied to
transportation, logistics, and network optimization under uncertainty.

To resolve the computational intractability of evaluating non-linear robust objectives on
dense graphs, we synthesize this DRO formulation with a specialized, mathematically
formalized Genetic Algorithm (GA) utilizing Edge Recombination Crossover (ER) [3]. We
validate our model through empirical case studies mapping the contrasting urban infrastructures
of Almaty and Astana, Kazakhstan.

Theoretical Framework and Ambiguity Set Formulation

Network Topology and Graph Definition

Let G = (V,E) be a complete directed graph where V = {vg, v4, ..., v} denotes the
vertex set of cardinality |V| =n + 1, with vy designated as the central supply depot. Let X
denote the set of all valid Hamiltonian cycles in G, parameterized as binary decision vectors
x € {0,1}E! satisfying the classical subtour elimination constraints [8]:

X =3x € {0,1}El Z xij=1Vi€V; Z xij=1vj'ev;2 Exi,-s IS| — 1 VS
j:(,)EE i:(i,))EE i€es jes
cV,2<|S|<n

The physical straight-line distance matrix M € R™™ tracks the spatial layout between
vertices, evaluated via real-world coordinates using the standard Haversine formula.
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Wasserstein Ambiguity Set

Leté € ]lel be the stochastic random vector representing the true realization of edge
travel times across the network. We assume that the true probability distribution P of ¢ is
unknown, but we possess a historical dataset of N independent and identically distributed
(i.i.d.) observations {EM,E@, .. EMY. From this data, we construct the nominal empirical
distribution Py

N
1
om0
k=1

where § is the Dirac delta measure. To protect the routing policy against out-of-sample
distribution shifts, we define the Wasserstein ambiguity set P.(Py) as a ball of radius € > 0 in
the space of probability measures, utilizing the Type-1 Wasserstein distance [2, 9].

P(Py) :={P e M(E): Wy (P,Py) < ¢}

where M'(Z) is the set of all probability measures supported on = C ]lel, and the
Wasserstein distance is defined via the optimal transport problem:

EXE

W, (P, Py) = i%f{f NE—E Ny di(E,&):M(,E) =P, 1I(E,) = @N}

The theoretical foundations of Wasserstein ambiguity sets originate from optimal
transport theory and have gained significant attention due to their statistical robustness and
finite-sample guarantees [10, 11]

Recent studies have demonstrated that Wasserstein ambiguity sets provide strong finite-
sample guarantees and tractable reformulations for data-driven robust optimization problems
[4, 5].

Minimax Robust Objective Function and Dual Reformulation

The distributionally robust Hamiltonian optimization problem is formulated as a minimax
optimization program [2]:

min max IE]p Z fl]xl]

XEXPEP(Py) (“PeE

Applying strong duality theory for infinite-dimensional linear programs [2, 12], we
reformulate the inner maximization problem into its finite-dimensional dual form. For a fixed
cycle decision x, the worst-case expectation can be computed deterministically for any
evaluated chromosome sequence:

N
: 1 .
Perjrple%%N)IEp[fo] = min {/16 + Nkzlr?ggc (xTe =21 &M )



M. Kosbl6aeB aTblHaFbl CKY Xabapuibicbl /
BecTHMK CKY mnmeHn M. KosblbaeBa. Ne 3 (71). 2026 17

Mathematical Formalization of the Genetic Algorithm Engine
To explore the discrete permutation space X without violating the structural assignment
constraints, we define the heuristic evolutionary engine using algebraic mapping operations.

GA Hyperparameter Configuration
To ensure complete reproducibility of our computational experiments, the full list of
hyperparameter settings governing the Genetic Algorithm is detailed in Table 1 below.

Table 1 Hyperparameter specifications of the proposed Wasserstein-metric Genetic
Algorithm engine

Hyperparameter Symbol Configured Value Description
Name
Population Size Noop 100 Number of
candidate
chromosomes

per generation

Maximum Generations Grex 200 Termination
threshold for
evolutionary
loop

Crossover Probability Pc 0.85 Probability of

applying Edge
Recombination

(ER)

Mutation Probability Pm 0.10 Probability of
applying Ergodic
Swap Mutation

Selection Strategy Tournament (k=3) Binary/Ternary
tournament
selection for
parent pool

Elitism Count Nelite 2 Top
chromosomes
preserved
without
alteration

Wasserstein Radius 8 0.10 Robust
ambiguity ball
metric radius
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Chromosome Space and The Wasserstein Fitness Operator

A single chromosome o is defined as an element of the symmetric group S,,, representing
a bijective permutation mapping of the vertex indices. The fitness evaluator F:§, - R,
computes the dualized distributionally robust cost of the sequence:

N
F(0) = inf e +— M 8
(0) = m €+ Nk—l ief?lé}fgl} o(Do(i+1) T zyo-(i)o(i+1)

where M represents the spatial distance tensor, and ¥ %) represents the localized historical
dispersion vector from observation &,

Edge Recombination Crossover (ER)

Let two parent chromosomes be defined as mappings 0,0, € S;,. The ER operator
constructs an offspring g, by building a combined adjacency table that maps all edges
connecting a node to its neighbors across both parents [3]. The child path is compiled node-by-
node by choosing the neighbor that possesses the fewest remaining links in the shared table.
This structural behavior ensures that the parental edge paths remain intact, dramatically
reducing the probability of selecting an edge with high upper-tail variance.

Genetic algorithms have been extensively studied for combinatorial optimization and
routing problems. In particular, Edge Recombination preserves adjacency information more
effectively than position-based crossover operators, making it especially suitable for TSP-type
problems [8, 13, 14].

Case Study Parameterization: Almaty vs. Astana Urban Topologies

To evaluate the mathematical resilience of our Wasserstein-metric genetic algorithm, we
configure two highly contrasting empirical testing environments based on major metropolitan
frameworks in Kazakhstan: the Almaty Monocentric Grid and the Astana Polycentric
Expansive Grid. These networks represent opposing structural archetypes of physical transit
networks and stochastic noise behaviors.

The Almaty Choke-Point Network Profile (ALM-20)

Almaty features a dense, monocentric grid system heavily constrained by its unique
southern geography, bounded by the Trans-Ili Alatau mountain range. This physical topography
forces a massive directional flow of daily traffic along a limited number of major arterial
corridors (e.g., Al-Farabi Avenue, Sain Street, Abay Avenue, and Ryskulov Avenue).

To model this network realistically in our simulation, we establish a high-density vertex
footprint (n = 20 primary points of interest) packed within a tight 15 km X 15 km spatial
envelope. The underlying travel-time uncertainty is modeled as structurally asymmetrical and
highly localized. We parameterize the edge variance tensor X using an extreme scale factor
(As = 8.0) concentrated on the primary north-south and east-west arterial links. This
mathematically captures the severe gridlock and systemic vulnerability characteristic of
Almaty’s mountain-constrained bottleneck points. If a single arterial edge becomes congested,
alternative routing options are severely limited.

The Astana Open-Grid Weather-Driven Profile (AST-20)

In sharp contrast, the capital city of Astana exhibits a highly planned, expansive,
symmetric grid topology bifurcated by the Ishim River, sprawling outward into the flat Kazakh
steppe. Traffic flows are distributed across broad, parallel multi-lane avenues linking the
historic Right Bank with the administrative and commercial districts of the Left Bank (e.g.,
Mangilik El Avenue, Turan Avenue).
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We parameterize the Astana network over a much larger spatial footprint, distributing
n = 20 vertices across a40 km X 40 km geographic range to reflect the city’s expansive layout.
Unlike Almaty’s localized bottleneck risks, travel-time volatility in Astana is predominantly
driven by non-stationary, systemic weather shocks—most notably extreme winter blizzards and
severe black ice conditions. Accordingly, we configure a uniform, moderate baseline variance
scale (1, = 3.0) across the entire graph, but inject a heavy-tailed, highly correlated noise
multiplier (y = 2.5) across all bridge links spanning the Ishim River. This models the critical
dependence of the symmetric grid on a few essential river crossings during extreme
environmental events.

Similar transportation and logistics applications of Wasserstein DRO have recently been
investigated in humanitarian transportation systems, freight assignment networks, and supply-
chain resilience studies [15, 16].

Data Collection, Preprocessing, and Validation Protocol

To evaluate out-of-sample robustness, historical link travel latency data were extracted
for both urban networks from OpenStreetMap (OSRM) telemetry and local municipal traffic
monitoring systems across a 60-day observation window (October 1 to November 30, 2025)
[18, 19].

Sample Extraction: Continuous observations were logged at 30-minute intervals across
all network edges, yielding a primary dataset of N = 1,440 temporal feature vectors.

Data Preprocessing & Cleaning: Raw sensor noise and telemetry dropouts were cleaned
using a standard z-score truncation filter (|z|> 3.0), removing unphysical latency spikes.

Train / Test Partitioning: Data were split chronologically:

In-sample Training Set (Nirain = 1,000): Used to formulate empirical distribution Py and
compute the Wasserstein radius €.

Out-of-sample Test Set (Niwst = 440): Independent evaluation set capturing extreme
weather events, peak-hour traffic jams, and unexpected bridge bottlenecks to rigorously
evaluate out-of-sample routing resilience.

Computational and Experimental Results

Solution Space Topography

The interaction between nominal distance minimization and worst-case risk hedging
creates an intricate multi-objective landscape. The distinct geographic structures of Almaty and
Astana trigger divergent behaviors during the initialization and optimization phases.
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Figure 1 Multi-Objective Robust Phase Diagram for Almaty and Astana tracking population
clusters across evolutionary generations as they drive toward their respective Wasserstein-
robust Pareto optimal frontiers.

Operator Comparative Efficiency
To confirm the reliability and variance reduction capabilities of the framework, we
evaluate performance metrics across 30 independent stochastic runs. We contrast our robust
Edge Recombination (ER) approach against the standard Order Crossover (OX1) operator

under the same Wasserstein-metric penalty structure [3].

Table 2. Comparative Performance Metrics of ER DRO and OX1 Nominal Operators on
Almaty and Astana Network Instances.

Urban
Case
Instance

Almaty
(ALM-20)

Almaty
(ALM-20)

Astana
(AST-20)

Astana
(AST-20)

Optimization
Operator

Edge
Recombination
(ER)
Order Crossover
(OX1)
Edge
Recombination
(ER)
Order Crossover
(OX1)

Successful
Feasible Runs
(Out of 30)

30/30

14730

30/30

19/30

Minimum Mean
Recovered Generation to
Distance (km) Feasibility
38.42 12.15
4415 38.60
85.10 7.34
104.82 26.12
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The statistical variance regarding the exact generation index where the population
stabilizes within the robust boundary highlights a clear performance gap between operators.

Figure 2: Feasibility Discovery Distributions for Almaty and Astana Networks (Violin Plot)
mapping the generation index where a zero-penalty, robust path is secured across 30
independent runs.

Population Phenotypic Diversity Decay

To monitor the algorithm’s vulnerability to local traps, we track population diversity by
calculating the standard deviation of route distances (cdist) within the population pool across
generations.
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N
N

Figure 3: Phenotypic Population Diversity Decay Metrics

Phenotypic Population Standard Deviation [crd(St]

Figure 3: Phenotypic Population Diversity Decay Rate comparing the structural saturation
paths of ER against premature convergence in standard operators.

Computational Complexity and Scalability

Computational Complexity and Scalability Finally, to test the model’s operational
viability, we scale the graph network size from n = 10 to n = 50 vertices, comparing
execution runtimes against an exact mathematical solver.
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Figure 4. Computational Complexity and Scalability Benchmarks

Proposed Wasserstein Heuristic Engine (GA)
Exact Reference Solver (Branch-and-Bound Metric)

X 102

Graph Network Scale (Total Vertex Cardinality V)

Figure 4: Computational Complexity and Scalability Profiles comparing the proposed
heuristic model against an exact Branch-and-Bound reference solver under a logarithmic time
scale.

Discussion and Conclusion

The empirical results demonstrate a profound performance gap between adjacency-
preserving operators and standard disruptive slicing models under distributionally robust
objectives. As shown in Figure 1, our Wasserstein dual sorting framework successfully filters
out high-risk solutions before optimizing for baseline travel distance. In Almaty, this prompts
the algorithm to intentionally add minor detours to avoid mountain choke points entirely. In
Astana, it distributes routes dynamically across the Ishim River crossings to minimize bridge-
collapse correlations during simulated blizzard disruptions.

The distribution data in Figure 2 highlights why Edge Recombination excels in real-world
stochastic transit environments. Because urban networks impose severe latent risk structures
along heavy-traffic corridors, an algorithm must prioritize matching parental edges. Position-
based methods break these connections arbitrarily, resulting in low success rates and delayed
convergence times.

Furthermore, tracking population diversity (Figure 3) reveals that ER avoids premature
saturation, maintaining genetic diversity to discover superior global solutions. As shown in
Figure 4, while exact solvers scale poorly (0(2n)) on large networks, our model maintains
efficient, linear-logarithmic scaling performance, making it highly viable for large-scale real-
world transit deployments.

Unlike classical stochastic programming approaches, recent distributionally robust
models emphasize resilience against distributional shifts and model misspecification [17]. The
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present study extends these ideas to Hamiltonian cycle optimization under urban transportation
uncertainty.

In conclusion, this research proves that marrying Distributionally Robust Optimization
with heuristic evolutionary frameworks offers a powerful, mathematically tractible approach to
solving combinatorial graph routing problems under severe uncertainty. By replacing brittle
nominal expectations with an infinite-dimensional Wasserstein ambiguity set, our formulation
provides explicit distribution-free safety guarantees capable of weathering highly volatile non-
stationary urban environments. Future research directions will evaluate the scalability of the
dualized linear reformulations using decomposed parallel computing clusters.
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